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19 Second Cohomology Space of the LieSuperalgebra of contact vector fields K(2) with
coefficients in the superspace of weighted
densities on S1|2
Othmen Ncib ∗
Abstract
We investigate the second cohomology space of the Lie superal-
gebra K(2) with coefficients in the superspace of weighted densities
on the (1,2)-dimentional real superspace. We explicitly give cocycles
spanning this cohomology space.
1 Introduction
Let vect(1) be the Lie algebra of vector fields on S1. Consider the 1-parameter
deformation of the vect(1)-action on C∞(S1):
Lλ
X d
dx
(f) = Xf ′ + λX ′f,
where X, f ∈ C∞(S1) and X ′ := dX
dx
. This deformation shows that on the
level of Lie algebras (and similary below, for Lie superalgebras) it is natural
to choose C as the ground fields.
Denote by Fλ the vect(1)-module structure on C
∞(S1) denoted by Lλ for
a fixed λ. Geometrically, Fλ = {fdx
λ/f ∈ C∞(S1)} is the space of weighted
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densities of weighted λ ∈ K. The space Fλ coincides with the space of vector
fields, fuctions and differential 1-form for λ = −1, 0 and 1, respectively.
Now, we consider the superspace S1|n equipped with its standard contact
structure 1-form αn = dx+
n∑
i=1
θidθi, and introduce the superspace F
n
λ of λ-
densities on the supespace S1|n. Let K(n) be the Lie superalgebra of contact
vector fields, Fnλ in naturally a K(n)-module.
The study ofH2(V ect(S1),Fλ) is given in [4], and the super corresponding
case H2(K(1),F1λ) is given by B. Agrebaoui, I. Basdouri and M. Boujelbene
in [1] . In this paper, we compute the second cohomology space of the K(2)-
module of tensor densities:
F2λ = {Fα
λ
2 : F ∈ C
∞(S1|2)},
where the action of K(2) on F2λ is given by the Lie derivatives:
LλvF (Φ) = (vF (G) + λF
′G)αλ2
where F, G ∈ C∞(S1|2), Φ = Gαλ2 and F
′ = ∂xF . This space classify central
extensions of K(2) by tensor densities F2λ.
2 Geometry of the superspace S1|2
2.1 The Lie superalgebra of contact vector fields on
S1|2
Let S1|2 be the superspace with local coordinates (x; θ1, θ2), where θ =
(θ1, θ2) are the odd variables. Any contact structure on S
1|2 can be given by
the following 1-form:
αn = dx+
2∑
i=1
θidθi. (2.1)
On the space C∞(S1|2), we consider the contact bracket
{F,G} = FG′ − F ′G−
1
2
(−1)|F |
2∑
i=1
ηi(F ) · ηi(G), (2.2)
2
where the superscript ’ stands for ∂
∂x
, ηi =
∂
∂θi
−θi
∂
∂x
and |F | is the parity of F .
Note that the derivations ηi are the generators of 2-extended supersymmetry
and generate the kernel of the form (2.1) as a module over the ring of smooth
functions. Let Vect(S1|2) be the superspace of vector fields on S1|2:
Vect(S1|2) =
{
F0∂x +
2∑
i=1
Fi∂i | Fi ∈ C
∞(S1|2) , i = 1, 2
}
,
and consider the superspace K(2) of contact vector fields on S1|2. That is,
K(2) is the superspace of vector fields on S1|2 preserving the distribution
singled out by the 1-form α2:
K(2) =
{
X ∈ Vect(S1|2) | there exists F ∈ C∞(S1|2) such that LX(α2) = Fα2
}
.
where LX is the Lie derivative along the vector field X.
The Lie superalgebra K(2) is spanned by the fields of the form:
XF = F∂x −
1
2
2∑
i=1
(−1)|F |ηi(F )ηi, where F ∈ C
∞(S1|2).
The bracket in K(2) can be written as:
[XF , XG] = X{F,G}.
For every contact vector field XF , one define a one-parameter family of
first-order differential operators on C∞(S1|2):
LλXF = XF + λF
′, λ ∈ K. (2.3)
We easily check that
[LλXF ,L
λ
XG
] = LλX{F,G} . (2.4)
We thus obtain a one-parameter family of K(2)-modules on C∞(S1|2) that
we denote F2λ, the space of all weighted densities on C
∞(S1|2) of weight λ
with respect to α2:
F2λ =
{
Fαλ2 | F ∈ C
∞(S1|2)
}
. (2.5)
In particular, we have F0λ = Fλ. Obviously the adjoint K(2)-module is iso-
morphic to the space of weighted densities on C∞(S1|2) of weight −1. The
3
case n = 0 corresponds to the classical setting: K(0) = Vect(S1) = {F∂x|F ∈
C∞(S1)}. Note that, the Lie superalgebra K(1) is isomorphic to
K(1)i = {XF ∈ K(2) | ∂iF = 0, i = 1, 2}.
Therefore, the spaces of weighted densities Fnλ are also K(n− 1)-modules. In
[3, 5] it was proved that, as K(1)-module, we have
F2λ ≃ Fλ ⊕ Π(Fλ+ 1
2
). (2.6)
where Π is the change of parity operator.
2.2 Lie superalgebra cohomology
Let g = g0 ⊕ g1 be a Lie superalgebra acting on a super vector space V =
V0 ⊕ V1. The space of k-cochaines with values in V is the g-module
Ck(g, V ) := Hom(∧kg; V ).
The coboundary operator δk : C
k(g, V ) −→ Ck+1(g, V ) is a g-map satisfying
δk ◦ δk−1 = 0. The kernel of δk, denoted Z
k(g, V ), is the space of k-cocycles,
among them, the elements in the range of δk−1 are called k-coboundries. We
denote Bk(g, V ) the space of k-coboundries.
By definition, the kth cohomology space is the quotient space
Hk(g, V ) = Zk(g, V )/Bk(g, V ).
We will only need the formula of δn (which will be simply denoted δ) in
degrees 0, 1 and 2: for v ∈ C0(g, V ) = V, δv(x) := (−1)|x||v|x.v, for Υ ∈
C1(g, V ),
δ(Υ)(x, y) := (−1)|x||Υ|x.Υ(y)− (−1)|y|(|x|+|Υ|)y.Υ(x)−Υ([x, y]), (2.7)
and for Ω ∈ C2(g, V ),
δ(Ω)(x, y, z) := (−1)|Ω||x|x.Ω(y, z)− (−1)|y|(|Ω|+|x|)y.Ω(x, z) + (−1)|z|(|Ω|+|x|+|y|)z.Ω(x, y)
−Ω([x, y], z) + (−1)|y||z|Ω([x, z], y)− (−1)|x|(|y|+|z|)Ω([y, z], x),
(2.8)
where x, y, z ∈ g.
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Hom(g, V ) is Z2-graded via
Hom(g, V )b = ⊕a∈Z2Hom(ga, Va+b); b ∈ Z2. (2.9)
✷
In this paper, we study the differential cohomology spaces H2(K(2),F2λ).
That is, we consider only cochains (XF , XG) 7→ Ω(F1, F2)α
λ
2 where Ω is a
differential operator.
3 The space H2(K(2),F2λ)
Recall that the Lie superalgebra K(2) has two subsuperalgebras K(1)i for i =
1, 2 isomorphic to K(1) defined by
K(1)i =
{
XF | F = f0 + fiθi, where f0, fi ∈ C
∞(S1)
}
. (3.10)
For i = 1, 2, let ℑ1,iλ be the K(1)i-module of tensor densities of degree λ
on S
1|1
i , where S
1|1
i is the superline with local coordinates (x, θi).
The main result in this paper is the following:
Theorem 3.1.
H2diff (K(2),F
2
λ) ≃

K3 if λ = 0,
K
2 if λ = 1,
K if λ = 3,
0 otherwise .
(3.11)
The non trivial spaces H2diff (K(2),F
2
λ) are spanned by the following 2-
5
cocycles:
• Υ01(XF , XG) = (FG
′ − F ′G)
−
(
1
4
+ 3
4
(−1)|F ||G|
)
(−1)|F |(|G|+1)
(
η1(F )η1(G) + η2(F )η2(G)
)
+1
2
(
(−1)|F |η1η2(F )η2(G)− η2(F )η1η2(G)
)
θ1
+1
2
(
η1(F )η1η2(G)− (−1)
|F |η1η2(F )η1(G)
)
θ2,
• Υ02(XF , XG) =
(
η1η2(F )G− Fη1η2(G)
)
+1
2
(
(−1)|G|η1(F )η1η2(G)− η1η2(F )η1(G)
)
θ1
+1
2
(
(−1)|G|η2(F )η1η2(G)− η1η2(F )η2(G)
)
θ2
+2
(
FG′′ − F ′′G
)
θ1θ2
• Υ03(XF , XG) =
(
F ′η1η2(G)− η1η2(F )G
′
)
. if λ = 0,
• Υ10(XF , XG) =
(
(−1)|F |F ′η1η2(G
′)− (−1)|G|η1η2(F
′)G′
)
α2
• Υ11(XF , XG) = (−1)
(|F |+|G|)
(
η1η2(F )η1η2(G
′)− η1η2(F
′)η1η2(G)
)
α2
if λ = 1,
• Υ30(XF , XG) =
[
(−1)|F |+1
(
η1(F
′′)η1(G
′′) + η2(F
′′)η2(G
′′)
)
+2
(
η1η2(F
′′)η1η2(G
′)− η1η2(F
′)η1η2(G
′′)
)
+6
(
η1(F
′′)η2(G
(3))− η2(F
(3))η1(G
′′)
)]
α32 if λ = 3.
(3.12)
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3.1 Relationship between H2diff(K(2),F
2
λ) and H
2
diff(K(1),F
2
λ)
According to (2.6), we can see that the second cohomology spaceH2diff(K(1),F
2
λ)
is closely related to the space H2diff (K(1),F
1
λ):
H2diff (K(1),F
2
λ) = H
2
diff(K(1),F
1
λ)⊕H
2
diff (K(1),Π(F
1
λ+ 1
2
)). (3.13)
Thus, we can easely deduce the following result:
Proposition 3.2. 1) The cohomology space
H2(K(1)i,F
2
λ)0 =

K3 if λ = 0,
K2 if λ = 1,
K if λ = 3, 5,
0 otherwise .
The respective nontrivial 2-cocycles are
• Ωi0,1(XF , XF ) = (FG
′ − F ′G)−
(1
4
+
3
4
(−1)|F ||G|
)
ηi(F )ηi(G),
• Ωi0,2(XF , XG) = (−1)
|F |+|G|
(
F ′ηi(G
′)− ηi(F
′)G′
)
θ3−i,
• Ωi0,3(XF , XG) =
(1
2
+
1
4
(−1)|F ||G|
)
(−1)|F |+|G|
(
Fηi(G
′)− ηi(F
′)G
)
θ3−i,
• Ωi1,1(XF , XG) =
(
ηi(F
′′)G− (−1)|F |Fηi(G
′′)
)
θ3−i −
1
2
(
ηi(F )ηi(G
′′) + ηi(F
′′)ηi(G)
)
θiθ3−iα2,
• Ωi1,2(XF , XG) =
(
F ′ηi(G
′′)− ηi(F
′′)G′
)
θ3−iα2,
• Ωi3(XF , XG) = ηi(F
′′)ηi(G
′′)α32,
• Ωi5(XF , XG) =
(
(F (3)G(4) − (F (4)G(3)) +
3
2
(ηi(F
(4))ηi(G
(2))
−(−1)|F ||G|ηi(F
(2))ηi(G
(4))− 4ηi(F
(3))ηi(G
(3)))
)
α52.
(3.14)
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where XF , XG ∈ Ki, i = 1, 2.
2) The cohomology space
H2(K(1)i,F
2
λ)1 =

K2 if λ = 1
2
, 3
2
K if λ = −1
2
, 5
2
, 9
2
0 otherwise .
The respective nontrivial 2-cocycles are
• Ωi
− 1
2
(XF , XG) =
[
(FG′ − F ′G)θ3−i −
(1
4
+
3
4
(−1)|F ||G|
)
ηi(F )ηi(G)θ3−i
]
α
− 1
2
2 if λ = −
1
2
,
•
 Ω
i
1
2
(XF , XG) =
[
(−1)|F |+|G|
(
F ′ηi(G
′)− ηi(F
′)G′
)]
α
1
2
2 ,
Ω˜i1
2
(XF , XG) =
[(
1
2
+ 1
4
(
1 + (−1)|F ||G|
))
(−1)|F |+|G|
(
Fηi(G
′)− ηi(F
′)G
)]
α
1
2
2 , if λ =
1
2
,
•
 Ω
i
3
2
(XF , XG) =
(
ηi(F
′′)G− (−1)|F |Fηi(G
′′)
)
−
1
2
(
ηi(F )ηi(G
′′) + ηi(F
′′)ηi(G)
)
θiα
3
2
2 ,
Ω˜i3
2
(XF , XG) =
(
F ′ηi(G
′′)− ηi(F
′′)G′
)
α
3
2
2 , if λ =
3
2
,
• Ωi5
2
(XF , XG) = ηi(F
′′)ηi(G
′′)θiα
5
2
2 if λ =
5
2
,
• Ωi9
2
(XF , XG) =
(
(F (3)G(4) − (F (4)G(3)) +
3
2
(ηi(F
(4))ηi(G
(2))
−(−1)|F ||G|ηi(F
(2))ηi(G
(4))− 4ηi(F
(3))ηi(G
(3)))
)
θiα
9
2
2 . if λ =
9
2
,
(3.15)
where XF , XG ∈ K(1)i, i = 1, 2.
To prove proposition 3.2, we need the following result (see [1] ).
Proposition 3.3. [1] The cohomology space
H2(K(1)i,ℑ
1,i
λ ) =

K2 if λ = 1
2
, 3
2
K if λ = 0, 3, 5
0 otherwise .
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The respective nontrivial 2-cocycles are
• Ωi0(XF , XG) = (FG
′ − F ′G)−
(1
4
+
3
4
(−1)|F ||G|
)
ηi(F )ηi(G) if λ = 0,
•
 Ω
i
1
2
(XF , XG) =
[
(−1)|F |+|G|
(
F ′ηi(G
′)− ηi(F
′)G′
)]
α
1
2
1,i,
Ω˜i1
2
(XF , XG) =
[(
1
2
+ 1
4
(
1 + (−1)|F ||G|
))
(−1)|F |+|G|
(
Fηi(G
′)− ηi(F
′)G
)]
α
1
2
1,i, if λ =
1
2
,
•
 Ω
i
3
2
(XF , XG) =
(
ηi(F
′′)G− (−1)p(F )Fηi(G
′′)
)
−
1
2
(
η(F )η(G′′) + η(F ′′)η(G)
)
θiα
3
2
1,i,
Ω˜i3
2
(XF , XG) =
(
F ′ηi(G
′′)− ηi(F
′′)G′
)
α
3
2
1,i, if λ =
3
2
,
• Ω3(XF , XG) = ηi(F
′′)ηi(G
′′)α31,i if λ = 3
• Ω5(XF , XG) =
(
(F (3)G(4) − (F (4)G(3)) +
3
2
(ηi(F
(4))ηi(G
(2))
−(−1)|F ||G|ηi(F
(2))ηi(G
(4))− 4ηi(F
(3))ηi(G
(3)))
)
α51,i.
(3.16)
where XF , XG ∈ K(1)i and α1,i = dx+ θidθi, i = 1, 2.
Proof of Proposition 3.2: Let Fαλ2 = (f0+f1θ1+f2θ2+f12θ1θ2)α
λ
2 ∈ F
2
λ. The
map
Φ : F2λ −→ ℑ
1,i
λ ⊕ Π(ℑ
1,i
λ+ 1
2
)
Fαλ2 7−→
(
(1− θ3−i∂θ3−i)(F )α
λ
1,i, Π
(
(−1)|F |+1∂θ3−i(F )α
λ+ 1
2
1,i
))
,
where i = 1, 2 and Π stands for the parity change map, provides us with an
isomorphism of K(1)i-modules. In fact, we easily check that
LλXH (F )α
λ
2 =
(
LλXH
(
(1− θ3−i∂θ3−i)(F )
)
+ L
λ+ 1
2
XH
(
(−1)|F |+1∂θ3−i(F )
)
θ3−i
)
αλ2 .
This map induces the following isomorphism between cohomology spaces:
H2(K(1)i, F
2
λ)
∼= H2(K(1)i, ℑ
1,i
λ )⊕ H
2(K(1)i, Π(ℑ
1,i
λ+ 1
2
)).
We deduce from this isomorphism and Proposition 3.3, the 2-cocycles (3.14–
3.15). ✷
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Recall that the adjoint K(n)-module, is isomorphic to Fn−1. Thus, the
K(1)i-isomorphism (2.6) yields the following K(1)i-isomorphism:
K(2) ≃ K(1)⊕ Π(Hi), (3.17)
where Hi is isomorphic to F1,i
− 1
2
. More precisely, any element XF ∈ K(2) is
decomposed into XF = XF1 + XF2θ3−i , where ∂θ3−iF1 = ∂θ3−iF2 = 0, and
then XF1 ∈ K(1) and XF2θ2 is identified to Π(F2α
− 1
2
1,i ) ∈ Π(H
i) and it will be
denoted XF 2 . Moreover, we can easily that:
[K(1),Π(Hi)] ⊂ Π(Hi) and [Π(Hi),Π(Hi)] ⊂ K(1) (3.18)
The following lemma gives the general form of each 2-cocycle.
Lemma 3.4. Let Ω ∈ Z2diff (K(2),F
2
λ). Up to a coboundary, the map Ω are
given by
Ω(XF , XG) =
∑
i,j,k,l≥0
aklijη
i
1η
j
2(F )η
k
1η
l
2(G)α
λ, where
∂
∂x
aklij = 0.
Proof. Evry differential operator Ω can be expressed in the form
Ω(XF , XG) =
∑
i,j,k,l≥0
aklijη
i
1η
j
2(F )η
k
1η
l
2(G)α
λ, where
∂
∂x
aklij = 0, where the co-
efficients aklij are arbitrary functions. Using the 2-cocycle equation, we show
that ∂
∂x
aklij = 0. That is, the coefficients a
kl
ij are not depending on the variable
x, but they are depending on θi, i = 1, 2 and on the parity of F and G.
The dependence on the parity of F and G becomes from the fact that Ω is
skew-symmetric:
aklij (F,G) = (−1)
εklij (F,G)aijkl(F,G) where ε
kl
ij (F,G) = ijkl(p(F )+1)(p(G)+1))+p(F )p(G)+1,
indeed, ηi is an odd operator.
The main result in this subsection is the following:
Proposition 3.5. There exist, up to a scalar factor and a coboundary, only
three non trivial 2-cocycles Ω0, Ω1 and Ω˜1 from K(2) to F
2
λ, given by
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Ω0(XF , XG) =
(
F ′η1η2(G)− η1η2(F )G
′
)
if λ = 0,
Ω1(XF , XG) =
(
(−1)|F |F ′η1η2(G
′)− (−1)|G|η1η2(F
′)G′
)
α2
Ω˜1(XF , XG) = (−1)
(|F |+|G|)
(
η1η2(F )η1η2(G
′)− η1η2(F
′)η1η2(G)
)
α2,
if λ = 1.
(3.19)
such that any nonzero linear combination is a nontrivial 2-cocycle and their
restrictions to K(1)1 or K(1)2 are coboundaries.
Proof. Let Υ a 2-cocycle of K(2) vanishing on K(1)i, i = 1, 2 (for example
K(1)1).
Assume that Υ/K(1)1 is a coboundary, that is, there exist Φ ∈ F
2
λ such that
Υ(XF1, XG1) = δ(Φ)(XF1, XG1) forall XF1, XG1 ∈ K(1)1.
By replacing Υ by Υ− δ(Φ), we can suppose that Υ vanishes on K(1)1. But
in this case according to (3.18), the 2-cocycle relations read
• (−1)|F1||Υ|LλXF1
(Υ(XG1, XHθ2))− (−1)
|G1|(|F1|+|Υ|)LλXG1
(Υ(XF1, XHθ2))−Υ([XF1, XG1], XHθ2)
+(−1)|G1|(|H|+1)Υ([XF1, XHθ2], XG1)− (−1)
|F1|(|G1|+|H|+1)Υ([XG1 , XHθ2], XF1) = 0
• (−1)|F1||Υ|LλXF1
(Υ(XH1θ2 , XH2θ2))− (−1)
(|H1|+1)(|F1|+|Υ|)LλXH1θ2
(Υ(XF1, XH2θ2))
+(−1)(|H2|+1)(|F1|+|H1|+|Υ|+1)LλXH2θ2
(Υ(XF1, XH1θ2))−Υ([XF1 , XH1θ2 ], XH2θ2)
+(−1)(|H1|+1)(|H2|+1)Υ([XF1 , XH2θ2], XH1θ2) = 0
• (−1)(|H1|+1)|Υ|LλXH1θ2
(Υ(XH2θ2, XH3θ2))− (−1)
(|H2|+1)(|H1|+|Υ|+1)LλXH2θ2
(Υ(XH1θ1 , XH3θ2))
+(−1)(|H3|+1)(|H1|+|H2|+|Υ|+1)LλXH3θ2
(Υ(XH1θ2 , XH2θ2))−Υ([XH1θ2 , XH2θ2], XH3θ2)
+(−1)(|H2|+1)(|H3|+1)Υ([XH1θ2, XH3θ2], XH2θ2)− (−1)
(|H1|+1)(|H2|+|H3|)Υ([XH2θ2, XH3θ2 ], XH1θ2) = 0,
(3.20)
where XF1, XG1 ∈ K(1)1 and H, H1, H2, H3 ∈ H
1. According to (3.20)
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and lemma (3.4), we deduce the expression of Υ. To be more precise, we get
Υ(XF , XG) =

α
(
F ′η1η2(G)− η1η2(F )G
′
)
+ βδ(−2η1η2(F
′))θ1θ2 if λ = 0,(
(−1)|F |F ′η1η2(G
′)− (−1)|G|η1η2(F
′)G′
)
α2
(−1)(|F |+|G|)
(
η1η2(F )η1η2(G
′)− η1η2(F
′)η1η2(G)
)
α2 if λ = 1,
0 if λ 6= 0, 1.
• For λ = 0.
The 2-cocycle Ω0(XF , XG) =
(
F ′η1η2(G)− η1η2(F )G
′
)
is nontrivial. In-
deed, suppose that there exist a map b from K(2) into F2λ having the general
form
b(XF ) =
∑
i,j≥0
aij(x,θ)η
i
1η
j
2(F )α
2
λ, (3.21)
where aij ∈ C
∞(S1|2), such that Ω0 = δ(b). By a direct computation, we
find that the term (f12g
′
0− f
′
0g12) exist in the expression of Ω0 but not in the
δ(b), wich gives Ω0 is nontrivial 2-cocycle.
• For λ = 1.
For the same reason that for λ = 0, we show that Ω1 and Ω˜1 are nontrivial
2-cocycles. On the other hand Ω1 and Ω˜1 are not cohomologous, otherwise
there exist a map b in the general form given by (3.21) such that, αΩ1+βΩ˜1 =
δ(b), where (α, β) ∈ R2\{(0, 0)}, but the term α(f12g
′
0 − f
′
0g12) + β(f
′
12g12 −
f12g
′
12) exist in the expression of αΩ1 + βΩ˜1 but not in the δ(b), which gives
that α(f12g
′
0 − f
′
0g12) + β(f
′
12g12 − f12g
′
12) = 0, i.e.f α = β = 0, and then Ω1
and Ω˜1 are not cohomologous.
3.2 Proof of Theorem 3.1
Proof. Consider a 2-cocycle Υ ∈ Z2diff (K(2),F
2
λ). If Υ/K(1)⊗2 is trivial then
the 2-cocycle Υ is completely described by proposition 3.5. Thus, assume
that Υ/K(1)⊗2 is non trivial. Of course, by considering proposition 3.2,
we deduce that nontrivial spaces H2diff (K(2),F
2
λ) only can appear if λ ∈
12
{−1
2
, 0, 1
2
, 1, 3
2
, 2, 5
2
, 3, 9
2
, 5}.
The K(1)i-isomorphism:
H2diff(K(1)i,F
2
λ) ≃ H
2
diff (K(1)i,F
1,i
λ )⊕H
2
diff (K(1)i,Π(F
1,i
λ+ 1
2
)).
Together with proposition 3.2 describe, up to a coboundary and up to a
scalar factor, the restriction of any 2-cocycle Υ to K(1)1 and to K(1)2. As
before, we consider separately the even and the odd cases. Even cohomology
spaces only can appear if λ ∈ {0, 1, 2, 3, 5} and odd cohomology spaces only
can appear if λ ∈ {−1
2
, 1
2
, 3
2
, 5
2
, 9
2
}. In each case, after having the restriction
of Υ to both K(1)1 and K(1)2, we complete the expression obtained by the
corresponding other terms having the same parity of the last expression then
we apply the 2-cocycles conditions we get:
Υ(XF , XG) =

αΥ01(XF , XG) + βΥ
0
2(XF , XG) if λ = 0,
Υ30(XF , XG) if λ = 3,
0 if λ 6= 0, 3,
where Υ01, Υ
0
2 and Υ
3
0 are given by (3.12).
Now, assume that there exist a map b in the general form given by (3.21)
such that αΥ01(XF , XG) + βΥ
0
2(XF , XG) = δ(b)(XF , XG).
The term (f12g0− f0g12) exist in the expression of αΥ
0
1+ βΥ
0
2 but not in the
δ(b), wich gives that αΥ01 + βΥ
0
2 6= δ(b), ∀(α, β) ∈ R
2\{(0, 0)}. So Υ01 and
Υ02 are not cohomologous. This completes the proof.
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